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Indefinite Integration

Introduction

We have discussed methods for finding derivatives of functions in previous chapters. We
will now turn our attention to reversing the operation of differentiation. Given the
derivative of a function, we will attempt to find the function. This process is called anti-
derivative of a function. For example, if the derivative of a function is 2X, we know the

function could be f (x)= x?because di(xz) = 2X . But the function could also be
X

f (x)=x*+4 because Cli(x2 +4) = 2X. It is clear that any function of the form
X

f (x)=x*+c, Where Cis a constant , will have f (x)=2xas its derivative. Thus, we say
the anti-derivative of f'(x)=2x is f (x)=x’+c, where Cis any arbitrary constant. This

process of finding an anti-derivative is called integration. In this chapter, we study some
methods of integration.

Mathematical Notation
If the differential coefficient of F (x) is f (x)

i.e. —[F ]
then we say that the antll-nlvatl\@or}\l:@u&s F (X), written as I f (x)dx=F(x)

Befieve in knowledge . . .
Also for any constant C, » [F(X)+cﬁ f ( )

_[ f (x)dx=F(x)+c
Where Cis an arbitrary constant.
This shows that F(x) and F(x)+c are both integrals of the same function f (x). Thus

for different values of C, we obtain different integrals of f (x) i.e. the integral of f (x)is

not definite. By virtue of this property, F(x)is called the indefinite integral of f (x).
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List of Formulae

fx"dx=’::11+c

[e*dx=¢e*+c

Jkdx=kx+c

f%dx = log,|x| + ¢

[sinxdx = —cosx+c
cosxdx =sinx + ¢

I

[sec?xdx =tanx + ¢

[ cosec? x dx = —cotx + ¢

[secx.tanx dx = secx + ¢
. J cosecx.cotxdx = —cosecx + ¢

. fﬁdxzsin_1x+c
: f\/%lxzdx=cos"1x+c

©WoNO A~ WD P

N
= O

[EEN
N

dx =tan"'x+¢c

[EEN
w

' J‘1+xz
14. [—=dx =cot™'x+c

1+x2

15. fﬁdx =sec lx+c

16. [———dx = cosec™'x + ¢
xVx?-1

17. [tanxdx = —log,|cos x| + ¢
Or

jtanxdx = log,|secx| + ¢
18. [ cotx dx = log,|sinx| + ¢

Or
fcotx dx = —log,|cosec x| + ¢

19. [secxdx =log,|secx +tanx| + ¢
20. [ cosecx dx = log,|cosec x —
cotx| +c¢

21. [a¥dx =

ax

+c

logea

Some standard results on integration:

1. %(If(x)dx):f(x)

2. [kf(x)dx=k [ f(x)dx, where kiis a constant

3. j (f(x)£g(x)} dx = j f(x)dx + j g(x)dx

4. [{ kF00 % szZ(X)T +knfn@ hdrékdjf )x £ K, [ £,000x ... 2k, [, (6)dx

Example Exercise:
1. J'{ exloga +ealogx +ealoga }dX

2 J-0052x -C0S2a Ix

COSX -COSa
3. '[de
1+sinx
X+3X
5)(
4 2
X"+ X +1
[ dx
X -x+1
ANSwWers
X a+l
a +X
loga a+l

2. 2sinx+2xcosa+ C
3. tanx —secx+ C

oL

5 5

Iogg +Iog3 -
°5 °5

dx

+a? . x+C

B

X3 2

5. 2+ +x+C
3 2

Fetieve in knowledge . . |

ractice Exercise: 1
3_
1. jx 1dx

XZ

2. j (xg +1)dx

3 1

3. J.(xz +2e" —=)dx
X

4, _[(sin X + €0s x)dx

5. j cos ecx(Cos ecx + cot X)dx
6. J-1—5|2n X I
cos® x
7. j X’ (1—%)dx
8. J'(axz +bx +c)dx
9. j (2x2 +e*)dx
1 2
10. | J/x——|dx
%)
x> +5x* —4
11. ITdX

X2 +3X+4
12. I—

dx
x
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x}—x?+x-1 1-c0s2x
18 | ———— 25 [tan] [ 985X Ly
'[ x-1 I 14 €0S2X
14, [(@—x)/xdx o
15. J(Zx—Scosx+eX)dx 26. J.XZ +1dx
16 2 - X X\ 2
_[(ZX 3sin x +5+/x)dx 97 j(a —:ti) I
17. jsecx(secx+tan X)dx a’b
, 28 e5logex _ e4Iogex d
. | =—/———dx
18. J' Sec )2( dx J.eslogex_eﬂogex
COSEC X 29. [sin(e*)d(e")
19 2—33|nxdx
' .[ cos? x 30. J'axexdx
20. J';dx 31. If f'(x)=¢* 1 and f(1)=0
sin? xcos? x : (x)=e G (1)=o0.
21. J\/l—costdx Then find f(x).
22. I\/1+sin2xdx 32. If f'(x):asin X+bcosx and
_oseex Vs
23. f'(0)=4, f(0)=3, f| = |=5,
Isecx+tanx (0) (0) (Zj
24. jsm (cos x)dx find f(x).

Integral of the form : If(ax +Db) dx

If j f(x) dx = g(x) + C, then j f(ax+b)dx=lg(ax+b)+c

Example Exermse h enIOUS- I(;(:]_Z)de
1 s, \/xT AX Befieve in knowledge . .| 2 (e
2. [a¥*2dX 3 1 ix
3. [sin*(x+1)dX \éii;;‘\/w”
Answers 4. dex
1. %[(x+3)3/2 +(x+2)%}+c 5. J’(7X_2)mdx
2. 613X+2+C 6. Jx—sdx
3loga X+2 2
3. -gcos(2x+1)+icos(6x+3)+c 7 I(e +e—j dx
8. j (e* +1)%e*dx
9. Isin(ax+b)cos(ax+b)dx
Practice Exercise: 2

Integral of the form:
jsinmx dx,jcosmdx where m < 4, then use trigonometric identities

1-cos2x .. . 1+c0s2x
(if) cos“x =

(i) Sin’x= (iii)sin3x =3sinx-4sin®x  (iv) cos3x = 4cos’x -3cosx
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“Example Exercise: 3
1, Ism xdx

2. jsin3xcos3x dx

3 I sin®x - cos®x
1-2sin®x cos’x
ANSwers

1. L 3x-2sinox+ 34X | L ¢
8 4

dx

2. i -Ec052x+l(3036x +C
32| 2 6
1.

3. -Esm2x+C

Practice Exercise: 3

Integral of the form:

Find the following integrals:
_[sinz x dx

_[cosz x dx

_[cos?’ X dx

_[cos“ x dx

_[sin“ xcos” x dx

_fcos“ 2xdx

[sin® bxdx

N o g~ wDdoRE

- 2 X
8. _[sm de

dx

9 J-1+cosx
" J1-cosx

Isinmx cosnx dx,J'sinmxsinnxdx,Icosmxcosnx dx and jcosmxsinnxdx then use

trigonometric identities :

(i) 2sinAcosB=sin(A+B) + sin(A-B) (ii) 2cosAsinB=sin(A+B)-sin(A-B)
(i) 2cosA cosB=cos(A +B) +cos(A-B) (iv) 2sinAsinB=cos(A-B)-cos(A +B)

Example Exercise: 4
1. I C0S2X cos4x dx

2. Ismxstxsmedxln enlou

Believe in knowledge .

3 Il+cos4x I

cotx -tanx

ANSwWers
1 1 S|n6x+sm2x +C
2 6 2
1{ Cos4X C0S2X cosz}
- + +C

2. =<-
4 4 2 6

3. -%cos4x +C

Practice Exercise: 4

Find the following integrals:

J'sin 3xcos4xdx

jcos 2Xc0s4xcos6xdx
3 J»S|n4xdx
COS 2X
4 [SnExg,
sin X
5. j 17 sin x dx
6. Isinmxcosnxdx

Integral of the form: ff @ gy = log,|f(x)| + C

f(x)

Proof: Let | = If()

putting f(x) =t and f'(x) dx = dt then we have
1
= [ e =tog.It] + €= log. £ (0l

Example Exercise: 5

1
I dx
xlogxlog(logx)

1
2. —  —dx
-[sinx cos®x
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3. J'x5 ad+x3 dx

cosecx
dx

X
logtan =
g 2

Answers
1. log{log(logx)} +C

2. %tanzx +log|tanx|+C

3. (a +X )/ a (x*+a )/+C

4. log +C

lo tan—
g 2

Practice Exercise: 5

Find the following integrals:
1. j2xsin(x2 +1)dx
4 2
5 J-tan x&sec \/;dx
Jx

sin(tan’1 x)
3- .[42(1
1+x

4 _[ sin X dx
"~ Jsin

X

x+a) " In'Z'enio

5. j L ax
1+tan x
2X

6. Il+x2dx

7 — o
X+ xlog x

8. Jsin xsin(cos x)dx

9. Ix\/l+2x2 dx
10. I(4x+2)\/x2+x+ldx

o

12. | X dx

13. [2dx

14.

e -1
15. jmdx

16 Je +8.72

17.

18.

19.

20.

21.

22.

23.
24,

25.

26.

27.

Ug

Believe in knowledge . . |

29.

30.
31.
32.

33.

34.

35

36

37.

38.

IN'='enious
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I sin” X

J-Zcosx 3sin x
6cosx+4smx

dx

I dx
cos? x(1 tan x)>

cos~/x
J. X dx

I COS X

J1+sin x

jcot xlogsin x dx

,[ sin x
1+cosx

I 1 dx
1+cotx

1
Il—tanxdx

j tan

Sin X cos X
x?’sin(tan’1 x“)

-[ 1+ X8

Ile +10% log, 10

x*? +10*

_[ 1_X dx
1-e

J- sin 2x
a’sin?® x +b? cos’® x
SEec X COS ecx

[seexooseox
log (tan x)

dx

dx

dx

j a - dx
b+ce
1
j —dx
1+e
COS ecx

dx

X

log tanE

.[ sec X

" Y log(secx +tan x)
J- 1

xlog xlog (log x)

dx

dx

ex—l + Xe—l
I e +x°

IX—HdX
x(x+log x)

dx
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Integral of the form: J'{f(x)}n f'(x) dx

[ {109} FOdx = {f(:—+c :

’

1

Proof: Let |= J.{f(x)}n f'(x) dx
putting f(x) =t and f'(x)dx =dt, we get

tn+1

|=jt“dt=—+c
n+1

{f(X)}n +1 +C
n+1

Example Exercise: 6

Y
eSII‘] X
1. j%dx
2 -1
5 J-sec 1(-'2-t)z21£1 X) dx

3. Isec3x tanx dx

I ' _?)% dx

4,
X
5, J‘ -\/ tanx dx
SINX COSX
ANSWers
{esin'lx }2
1. +C
2

2. %tan(Ztan'lx) +C

N'=enlio

Believe in knowledge . . |

Practice Exercise: 6

Find the following integrals:

2
1. I@dx
1

2. J.(x3 —1)5x5 dx
3. J'X—stx
(2+3x°)

T -
x(log x)
5. J\/siancostdx

6. ILXde
(1+cos x)

dx , x>0

2

g J.(x+1)(x+log x)2 i

X
13
o J.4(sm X) "
1-x°
10. | exx _dx

(1+e )

o i)

——dXx

J1-x?

12. J‘tan%xsec2 x dx

Integral of the form: jsinmx cos"xdx , to evaluate use the following steps:
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(i) If mis odd positive integer and n is even positive integer then put cosx =t
(ii) If m is even positive integer and n is odd positive integer then put sinx = t.

(i)

odd positive power.

Example Exercise: 7
1, J'sin3xcos6xdx

2. '[xcos3x2 sinx? dx

3. _[cos7x dx
Answers
7 9
1. _ COSX_COSX +C
7 9

2. -%cos“x2 +C

1

Integral of the form: J‘#
ax® +bx+c

If m and n both are odd positive integer then put sinx or cosx which has higher

3. sinx-sin® x+§sin5x-%sin7 x+C

Practice Exercise: 7

Find the following integrals:
1. Isin5x dx

2. jsin“xcos3 x dx
3. jsin7x dx
4.

J‘sin3 X C0s°x dx

dx, to evaluate use the following steps:

(i) Make coefficient of x? unity, if it is not , by multiplying and dividing by it.
(ii) Add and subtract the square of half of the coefficient of x to the express

b

ax? + bx + cin the form of (X+—
a

(iii)

(@) J ey ik darfbr{de- .
X =—loge [—| +
(b) azixzd zlal iig C
(C) fxziaz dx = iloge %
Example Exercise: 8
1
fz—dx
Ox‘ +6x+10
1
2. dx
J‘1+x-x2
1
3. |———=dx
I x(xn -1)
Answers

1. ltan'l(:g)(ﬂ)+c
9 3

5 Lo+, ¢
J5 |5 +1-2x
3. LioglX_|4c
n x"+1

> dac-b?
+
2 43?

Use the suitab@ormt@@*%ﬁ)wing formulas:

Practice Exercise: 8

Find the following integrals:
J' dx
x* -16

dx
2. _
J. x> —6x+13

J- dx

3x*+13x-10
3x?

4 -[ X8 +1dX

5. .[ 3 dx

(o))
—
>
o
x

1
——;¥
OX“ +6Xx+5
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Integral of the form J.; dx, to evaluate use the following steps:
Jax®+bx+c
(i) Make coefficient of x? unity, if it is not , by multiplying and dividing by it.

(ii) Add and subtract the square of half of the coefficient of x to the express

_ b\ 4ac-b? 4ac-b? b\’
ax?+bx+cinthe formof || X+— | + > or | X+ —
2a 4a 4a 2a

(iii) Use the suitable formula from the following formulas:
dx = sin™! (E) +C
a
x =log,|x +VaZ + x%| + C
X =1oge|x +Vx2 — a2| +C

6. 3log|x

@ | ==
(b) [ ==
©) [ ==

Fayx%-al+c

Example Exercise: 9

J’ —11 > dx
VX(1-2x) Find the following integrals:

1
J——ox o
- R 1.
Jx-a)(B-x) J 5

Practice Exercise: 9

3. X dx dx
A " Ve

4. [|secx-1dx . I "

5. sin(x-a) @) 4 1N enlC)Ug N ax?
.[ sin(x +(1) Believe in fémm-f'kdégs ;! .

J' dx
2
J‘x%\/x%-4 x—1
S. _[ - dx
Answers VX -1
1 . x>
1. ——sin*(4x-1)+C 6. | ——dx
o e | o=
) X -0 sec? x
2. 2sint| [=— [+C 7.
(VB-“J J‘\/tan X+4
% 8. | ——=————=dx
3. Esin'1 XT +C jm
3 a2 j )
dx
(cosx +%j +/ COS?X +COSX J(x=1)(x-2)
10. | 1 dx
-CoSa. Sin'l(%]-sina.log‘sinx+,/sin2x -sinza‘+C \/( X— a) ( X= b)
o

4. -log +C

o

+
Integral of the form: I—qu , To evaluate this type of integral use the following
ax“+bx+c
steps:
(i) Letpx+q=A:—x(ax2+bx+c)+B
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= px+q=AQax+b)+B........(2)
(ii) Obtain the values of A and B by equating the coefficient of like powers
of x on both sides
(iii)  Put the values of A and B in equation (1) dividing by ax? + bx + ¢ on
both side of equation (1) and taking integration on both the side. then

we get
J‘wdx:AJ‘?ax—ﬁ-bdx + Bj%dx
ax“+bx+c ax“+bx+c ax“+bx+c
(iv) Integrate R.H.S. of step (iii)
Example Exercise: 10 Practice Exercise: 10
_.-21_i Find the following integrals:
33X +4x+2
2sin2x - COSX _ X+2
2. dx '
-[6-coszx-4sinx '[2)(2 +gx+5
X+
Answers 2. J.mdx
1. -llog|3x2+4x+2| +itan‘1(ﬂJ+C 3 J~ 5x—2
2 V2 V2 I xgax
2. 2log|sin’x-4sinx +5|+7tan(sinx-2) +C 34 x
4, j dx
x* -9

1
5. — dx
I 2™ +3e* +1

. 3sin X —2)cos X
N “eniolusiiss

b — dx
S=cos” X =4sin x
Believe in knowledge . . |

pxX+q

Jax?+bx+c
following steps:

(i) Letpx+q=A:—x(ax2+bx+c)+B
= px+q=AQax+b)+B........(2)

(ii) Obtain the values of A and B by equating the coefficient of like powers of x on
both sides

(iii) Put the values of A and B in equation (1) dividing by y/ax*+bx+c on both
sides of equation (1) and taking integration on both the sides. then we get :

Jpxq jzade+B_f 1 dx
Jax? +bx+c JaxZ +bx+c JaxZ +bx+c

(iv) Integrate R.H.S. of step (iii)

Integral of the form: J. dx, To evaluate this type of integral use the

Answers
Example Exercise: 11 12X +4x+5 -Iog‘x+2+m‘+c
2x+3
I\/X +4X+5 2. \/x2+x+%log (x+%j+w/x2+x +C
1+x
J — & Practice Exercise: 11
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Find the following integrals:

j X+3

V5—4x+ X2

I 4x+1

N2X2 +x—
3. j,/ﬂdx
a+Xx

Integral of the form:

1 1
2 dX’J- Fa2 2
a+ bsin“x +ccos“x

1 1 1
H H d 1
-[asinzx+bcoszx X -[a+bsin2x X Ja+bcoszx X J(

asinx +bcosx)

To evaluate this type of integral use the following steps:

(i) Divide numerator and denominator by cos?x.

(ii) Replace sec?x, if any in the denominator by (1 + tan?x).

(iii) Put tanx = t, then we get integral of the form J.Z;
at“+bt+c

Example Exercise: 12

1 J smx
S|n3x

1
dx
-[ (sinx - 2cosx)(2sinx + cosx)

N'=enlio

Answers Believe in knowledge . .|
\/7 + tanx
1. +C
2f f tanx
2. Liog|tanx-2 1,
5 2tanx +1

Integral of the form:

Practice Exercise: 12

Find the following integrals:

US J‘ i dx

1+3sin? X+8cos? x
1

1+3sin’ x
1

3+2c0s” X

sin 2x

sin® x +cos* x
1

COS 2X + 3sin? x

2. dx
dx

dx

o B
(S SR SN S—

dx

Joo [k [
asinx +bcosx < a+bsinx ¢ a+bcosx

type of integral use the following steps:

J~ 1
'J asinx +bcosx +¢
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(i) Put sinx =

2tan %
1+tan? % 1008

.. 2X
(ii) Replace 1+tan A

IN'='enious

Believe in knowledge . .

_ 1-tan2%
1+tan2%

. 2 X
in the numerator by sec A

1

Put tanX/, =t, tint | of the f N [ —

(iii) u A we get integral of the form Iat2+bt+c
Example Exercise: 13 Practice Exercise: 13
1. ;dx Find the following integrals:

2 +C0oSsX
J' 1 dx J.—S 41_ dx
3+ 2sinx + cosx - 13"”(
Answers 2 ~[4cosx—1dx
1
2 . . tan% 3. dx
1 ﬁtan [—\/5 +C -[\/§sinx+cosx

2. tan™(1+tan%))+C

Integration By Parts: j f(x)-g(x) dx = f(x) j g(x)dx - j {%f(x)- j g(x)dx}dx

Example Exercise: 14

We can choose first tion aéh'efliu@i@sghich comes first in the word “ILATE”

where _ hadblihg
Believe in knowledge . . .

I - stands for the inverse trigonometric functions.

stands for the logarithmic functions.
stands for the algebraic functions.

— stands for the trigonometric functions.

m = >
|

— stands for the exponential functions.

Answers

4 1.
1. X—IogZx-ix“ +C

4 16 2.

1 Ix3I092x dx >
2 Ixztan‘lx dx 3.
3 J'sinsﬁdx

4

j log(1+x?) dx

3
X tanix- L +£Iog‘x2 +1+C
3 6 6

3x72 0s*V/x +6x72 sin®y/x +6c0s° VX +C
xlog(x? +1)-2x + 2tan™'x +C

Practice Exercise: 14

Find the following integrals:

J'xcosxdx
Ilog X dx
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3. Ixe dx

J‘ Xsin~ X

i

Ixsm x dx
Ixsin 3xdx
szexdx
'[xlog X dx
jx log 2x dx
10. Ixz log x dx

4.

© o N o O

11. stin’lxdx

12. I(sin’lx)zdx
13. .[tan‘lxdx

14. jx(logx)z dx
15. I(x2+1)logxdx
16. jxsinzxdx

17. J'(Iogx)zdx

18. | 109 X 4

19. Ilog(1+ X*) dx

x N'=enlio

Believe in knowledge . . |

20. Isec3xdx
I sin™ x
(1)
jsmlx/_ cole_ i
sint /X +cos T/

23, j—'og(lxogx)dx

24. IIO%X dx
X

25. J'2x3exzdx

21. dx

22.

J.eﬁ dx

26. jlogloxdx
27. J'sinsﬁdx
28. jcosec3xdx

29, (sec 2X — 1jdx
sec2x+1
3

©

30. J. x+1 e*log xe)

Ugl. [ tan- G’iB)’(‘zjdx

32. '[(e"’gx +sin x)cos X dx

Integral of the form: Iex {f(X) + f'(X)} dx, to evaluate this type of integral use the

following steps:

(i)  Write j e* {f(x) + ' (x)}dx = j e* f(x)dx + j e*f'(x) dx

(ii) Evaluate first integral on R.H.S. by using integration by parts. Then we get
j e f(x)dx + j e f (x) dx =e*f(x) - j e*f (x)dx + j e*f (x) dx
|

= j e {f(x) + ' ()} dx = e*F(x) + C

Example Exercise: 15

L X2+l
je > dx
(x+1)

2. I%[x(logx)2 + 2Iogx} dx

J-Jl sinx de
1+ cosx
Answers

2e*
1. e*-

X+1

@ +91- 9971750366, 8447026670 E<:ingeniusinfinity@gmail.com & : www.ingeniousinfinity.com

2. eX(Iogx)2+C
3. —e%sec(gj+c

Practice Exercise: 15

Find the following integrals:

Iex(tan‘1x+ 1 2jdx
1+x

12
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Believe in l\-'umvﬂ‘dgc .
2 +1)e” [ 2+sin2x
2. I%dx 9. Ie (mjdx
X+
3 jex(sinx+cosx)dx 10. '[{5|n(logx)+cos(logx)}dx
log x
X 11, | ————dx
4. I(lxe ? dx J‘(1+Iogx)2
+X
1+sin2x
H 12. 2x - = d
5. J'eXGJrsmxjdx Ie (1+0052xj X
reosT 13 L V1I=x*sintx+1
> Iex(l—%jdx lje NN o
X X
1
—3)e* 14. |e*| log x+— |dx
7. j%dx J [ ’ ij
(x-1) ) .
X 15, [| =—-——|dx
Iex( 1)de logx  (logx)
X+

Integration of rational algebraic functions by using Partial fractions
f(x)

If f(x) and g(x) are two polynomial then ﬂ is defined as rational algebraic function or
o(x

rational function
Note:

(i) If degree of f(X) < degree of g(x) then M are proper, rational functions

iNn<enioy

(i) If degree of f(x;);tﬁfqggﬁeegptf,q@g)j(then_ % are improper rational functions so divide
[# g X

f(x) by g(x) to represent it in proper rational expression (*.© Method of partial fraction is
applicable for proper rational functions)

Forms of Partial fractions:

X/

**  When denominator has non repeated linear factor:

_ px+tqg _ A . B
" (x-a)(x-b) x-a x-b
pxX>+gx+r A B C
+ +

(x-a)(x-b)(x-c)_x-a X-b x-c
+*  When denominator has repeated linear factor:

i, x*ta A LB
' (x-a)" x-a (x-a)’
2
i\ pXx +2qx+r _ A N B L C
(x-a)"(x-b) Xx-a (x-a) x-b

+« When denominator has non repeated quadratic factor:
px%+qx+r A Bx+C
V. =
(x—a)(ax?+bx+c) (x—a)  (ax2+bx+c)

@ +91- 9971750366, 8447026670 =:ingeniusinfinity@gmail.com € : www.ingeniousinfinity.com
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n kno !dq

these values.

Example Exercise: 16

2x-1
e 28
I( D(x-2)
3. _[X—ldx
(x-1)°(x+3)
4, IWX
5. j;%dx
Answers

1. -%Iog|x-1|-%Iog|x+2|+%|og|x-3| +C

2
2. X7+3x-log|x-1|+8|og|x-2|+C

3. glog| 1- Iog|x+3|+C

1
2(x - 1)

4. %Iog|x 1- —Iog x? +4 +Z tan@Q1 O

1+smx 1
5. -—| — T
8 9| 1 sinx 4f &’J' fsmx"
Practice Exercise: 16

Find the following integrals:
.[ 3Xx—2
2— X
(x+1)" (x+3)

dx
> J'(x+1) (x+2)

3.

4.

10.

(@)

11.

u$

13.

14.

15.

Find the values of A, B, C by comparing the coefficients and taking integration on both sides after putting

J‘ X2+1
x? —5x+6

X2

'[(x2+1)(x2+4)
J(Bsin¢—2)cos¢ ’
5—cos” ¢p—4sing

,[ X2+ x+1 N

(x+2)(x* +1)

1
IX4_1dx

dx

dx

Imdx

COS X

j(l—sin X)(2-sin x)dx
(x2+1)(x2+2)

Joeaiera)

1—-cosx)

Icosx(1+cosx)
(x-1)(x—-2)(x-3) .

-[(x—4)(x—5)(x—6)OI

Itan0+tan39d

1+tan®@

1
-[xlog x(2+log x)

'[x[ > dx

6(log x) +7Iogx+2}

dx

Some more important forms

14
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Believe in l\-'umvﬂ‘dgc .
2 2
X +1 X°-1 1
Integral of the form: I J. n > X J.ﬁdx , Where AcR,
x* +AX*+1 X" +AX +1 X" +AX +1
To evaluate this type of integrals use the following steps:
(i) Divide numerator and denominator by x?

2
(ii) Express denominator in the form of (x +1j if numerator is (1-%) or

X X
2
(X-i) if numerator is [l+i2J
X X

(iii) Put (x +£j =tor (x-lj =t, then we get integral of the form
X

X
IXZ Y > dx, or _f dx
3. 1. 4 tanx-1 1 tanx - v/2tanx +1
ﬁtan [\/2tanxj +Flog tanx+ +/2tanx +1 re
. 4. 1 tan x*-1 |x -J2x+ 1|
Example 1ExerC|se. 17 ki [\/Ex |X +\/—x+1|
X -
1. ——aX i
JX4+X2+1 Practice Exeruse. 17
NG Find the following integrals:
2. j — dx ,
X" +1 1 _[X +1dx
I Jtanx dx x*+1

. 1
4, J'Al dx N <=enious J-sin“x+cos“xdx

X+l Believe in knowledge . .| 3. I(\/tan¢9+\/cot6’)d9
Answers
1. Liog —X:_Xﬂ +C 4 j( Cow)de
2 X+ Xx+1 (x—1)2
L (X4), 1ol |8 [p o
2z \xvz) " |x o2+

Integral of the form: de , Where P and Q are polynomial functions in x.
PyQ

I(ax+b)lm dx, To evaluate put cx + d = t2
1

* j(ax2 +bx+c)/px+g

dx ,To evaluate put px + q = t2

* I L dx, To evaluate put ax + b = 1
(ax+b)\/px2+qx+r t

* J- . dx, To evaluate put  x 1
(ax? +b)Jpx +q t

Example Exercise: 18

@ +91- 9971750366, 8447026670 =:ingeniusinfinity@gmail.com € : www.ingeniousinfinity.com
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Believe in knowledge . .

x? 2
ERICE N =
X

: I(x2+zx+z)¢m“x " N R P

3 J- 1 d 2\./— \/x +9 +\/—‘
(X+1)4/x% +x+1 Practice Exercise: 18

4. J‘ X dx Find the following integrals:
(X2+4)\/m 1 _[ - dx
Answers (X —4)x+1

1
2. [— = 4
1, g(x+2)%-2 X424+ jog| 23 ‘/_ '[(x—l)\/x2+4 "
’ ¥ “ NG
) o 2 20D |, 3, jl_xz dx

2

I x+ 2+ 20x+1) \

Integral of the form: J.«/ax2 +bx +c dx, to evaluate use the following steps:

(i) Make coefficient of x? unity, if it is not , by multiplying and dividing by it.
(ii) Add and subtract the square of half of the coefficient of x to the express ax? +

_ b\ 4ac-b? 4ac-b? b\
bx + cin the formof || X+— | + > or | X+ —
2a 4a 4a 2a

(iii)  Usethe sultaH,e]form @edlgwmg o Ol
J-\/rﬁbfm@)% Houfrdqg a Sin (aj

. I a2+x2dx:%x\/a2+x2+%azlog‘x+ a’+x’
J’\/xz-a2 dx:%x\/xz-a2 -%az Iog‘xh/xz-a2 +C

Answers

+C

Example Exercise: 19

I 16+(|09X)2 ix 1. %logx (Iogx)2+16 +8log‘logx+ (|OgX)2+16‘+C
' X
2 I L+x-2x" dx 2. %(4x-1),/1+x-2x2 + Qfsin'l(4x'1j+c

3

@ +91- 9971750366, 8447026670 <:ingeniusinfinity@gmail.com & : www.ingeniousinfinity.com 16
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Believe in l\-'um\-!bdgc .

Integral of the form: j(px +q)\/ax2 +bx +cdx, To evaluate use the following steps:

d
X+0=A—(ax’+bx+c)+B
() er  PXFATAGL )
i.e.px+g=A(Rax+b)+B....... 1)
(ii) Obtain the values of A and B by equating the coefficient of like powers of x on
both sides

(iii) Put the values of A and B in equation (1) multiplying by 1/ax’ +bx+c on both
sides of equation (1) and taking integration on both the sides. then we get

J(px+q) ax’+bx+cdx = AJ‘(Zax+b)«/ax2+bx+cdx +B_f ax® +bx+cdx
(iv) Integrate R.H.S. of step (iii)
2. Ix X% +x dx
Example Exercise: 20 ANSWers
L [(2x+3)yx* +4x+3dx

1. %(xz+4x+3)%-B(x+2)«/x2+4x+3-%log‘(x+2)+~/x2+4x+3” +C
2, %(x+x2)%-%(2x+1)«/x2+x +%Iog (x+%)+\/x2+x

asinx + bcosx .
Integral of the form: I—dx , to evaluate use the following steps:

csinx +dcosx

+C

(i) Write: asinx +bcasx= Ai(csinx +dcosx ) +B (csinx +dcosx )

(ii) Obtain the va’ure! of A gﬂ@é@qgtﬁg the coefficient of cosx and sinx , then

Believe in knowledge . . .

we get
asinx + bcosx ccosx -dsinx csinx +dcosx
I_—dX :AI_—dX + BJ.—dX
csinx +dcosx csinx +dcosx csinx +dcosx

Integrate R.H.S. of step (ii) by using suitable procedure.
Example Exercise: 21

J- 3sinx +2cosx (Ans: D xel2 log|3cosx +2sinx|+ Cj
3Cc0sx + 2sinx 1313

Integral of the form: IeaXSian dx, _[eaXCOSbX dX, To evaluate this type of

integral take eaX as a first function and cosbx or sinbx as second function then
expand integral by using integration by parts.

Example Exercise: 22

5 e2X
1. [e“Xsin3xdx Ans:?(ZSin?ax-scosBx) +C

@ +91- 9971750366, 8447026670 =:ingeniusinfinity@gmail.com € : www.ingeniousinfinity.com 17



~
in@eniousinfini’ry

Believe in knowledge . . .
6U ESTION BANK
2" +3" )2

1. j( =

j cosec?x cos? 2x dx

dx

,
5 [ X,
sin x
A ISInX+COSX
' \/sin 2x
, J-smx COSX
' Jsin 2x
1
) d
0 Isin(x—a)sin(x—b) X
1
) d
! J.cos(x—a)cos(x—b) X
1
) d
° jsin(x—a)cos(x—b) "
J- sin2x dx
sin® x + cos” x

10, IF o

Believe in Erww{kc@e

a_
12. dx
I 1-+Jax

13.j !
a+btanx

14. Isec“ X dx

15. jsec6 X dx

1
16. dx
I X1+ X"

17. Itan‘1 / X dx
1+X

18. J.sin‘1 X dx
\a+x

le/—
1++/x

J-sm X 4 COS X «
9+16sin2x

1
j{log(log X)+ (Iog x)2 }dx

19.

20.

21.

[y

<o <o s 18

1 J\FTdX in@enio

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

1

J-\/sin3 xsin(x+a)

NS +l[|og(x2 +1)-2log x]
J. v dx

J‘;dx
xvax — x?
j|x|dx

jsm (Ztan‘l ‘ /1+ X]dx
1-x

[ 27" 27 9% dx

dx

mf

34.

S

35.

36.
37.

38.

39.

40.

3. foin; j

'[[1+ 2tan x(tan X +S6C x)]}/2 dx
jsin (x+a) d

sin(x+b)

jtan xtan 2xtan 3x dx

jsec“ X tan x dx

J'5x+tan’1x ( ))((22 :ij dx
1

'[xz(x“ +1)%

jsin’lﬁdx

dx




ANSWERS
Practice Exercise: 1

N ook~ w

10.

11.

12.

13.

14.

15.
16.

17.
18.
19.
20.
21.
22.
23.

24,

25.

26.

2
X—+13+C
2 X
5
§x3+C
5

5

—cosx+sinx+C
—cot x—cosecx+C
tanx—-secx+C

3
X _x+c
3

3 2
%+bi+cx+c
3 2

*yre*+C

2
=x
3
X2
?+Iog|x|—2x+c

2
X—+5x+f+C
2 X

7 3

§x2+2ex—log|x|+c

%x2+2x2+8\/§+qn enlo

3
X ix+C
3

3 5
2y 2y 4c
3 5

x? =3sinx+e*+C

3

tanx+secx+C
tanx—x+C
2tanx—3secx+C
tanx—cotx+C

—«Ecosx+C
—cosx+sinx+C

tan x—secx+C

T X

—X——+C
2 2

XZ

—+C
2

X3
Z _x+tan*x+C

zx +3cosx+£x5+c
3 3

Believe in knowledge . . |

3

IN'='enious

Believe in knowledge . .

;. (6]

+2x+C

28. —+C
3
29. —cos(ex)+C
30. 2% ¢
log (ae)

31. e*+tantx
32. f(x)=2cosx+4sinx+1

Practice Exercise: 2

1. Iog|x+1|—i+c

x+1

Lewsic

2
2 3 3
3. E{(3x+4)2 +(3x +1)2}+C

1 31 1
4, §(4x+7)2 —§(4x+7)2 +C

14

S 40 2§
W N 2
US (3x+2) 27(3x+ ) +C

45

3

6. %—x2+4x—8log|x+2|+c
7. 1e2X+2x—1e‘2X+C

2 2

1 3
8. (e"+1) +C

3

9. —icosz(ax+b)+c
4a

Practice Exercise: 3

1. l X_S|n2xj+c
2 2
2. l x+SInZX +C
2 2
3. 1 SlnsX+3sinx}+C
4
4. % 3x+25in2x+sm44x}+c

5. i 3x—sin4x+lsin8x +C
128 8

@ +91- 9971750366, 8447026670 =:ingeniusinfinity@gmail.com € : www.ingeniousinfinity.com
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Believe in knowledge . .

6.

3x sin4dx sin8x
—+ +

8 8 64
X Sin 2bx+C

2 4b

+C

%(x—sin x)+C

Practice Exercise: 4

1.

1[ COS7X }

—| - +cosx |+C

2

1 sin12x sin8x sin4x

—| X+ + + +C
4 12 8 4
—c0s2X+C

z[sm:x +sin x}+C

Z{Sinlicos§}+c
2 2

l{_cos(mjtn)x_cos(m—n)}rc
2 m+n m-—n

Practice Exercise: 5

1.

10.
11.

12.
13.

14,
15.
@ +91- 9971750366, 8447026670 E<:ingeniusinfinity@gmail.com & : www.ingeniousinfinity.com

—cos(x* +1)+C N enlo

Ztans X +C Believe in knowledge . .|

—cos(tan™ x)+C
xcosa-sinalog|sin(x+a)|+C
5+1Iog|cosx+sin x|+C
2 2

log(1+x*)+C
log[1+log x|+ C
cos(cosx)+C

l(1+ 2X2)% +C

6

f(x2 +x+1)% +C

3

2log[Vx-1+C
—%Iog‘9—4x2‘+c

1
- 2e*
etan’lx +C
logle* +e™*

+C

+C

16. %Iog(ezx+ezx)+c
17. %(sin‘lx)2+c

18. %Iog|23in Xx+3cosx|+C

1
1-tanx
20. 2siny/x+C

21. 24J1+sinx+C

22. %(Iog sin x)2 +C

19. +C

23. —log[l+cosx|+C

24, g—%log|cosx+sin x|+C

25. 5—llog|cosx—sinx|+C
2 2

26. 2ytanx+C

27. —Ecos(tan’lx“)JrC
4

28. log(10"+x*)+C

29. log[t+e"|+C

USo. %Iog‘azsin2x+bzcoszx+c
(a*-b7)
31. log(logtanx)+C
32. —%Iog‘bex+c‘+c

33. —log[l+e™|+C

34. log +C

X
log tan =
g 2

35. log|log(secx+tan x)[+C
36. log{log(logx)}+C

37. %Iog e*+x°|+C

38. log|x+logx|+C

Practice Exercise: 6

1. %(Iog|x|)3+c

2. %(x3—1)%+%(x3—1)%+c

3. —;2+C
18(2+3x3)

20



9.

10.

11.

1-m

(logx)
1-m

1(sin 2X)% +C
3

1
1+cosx

1 1+log x *iC
3

+C

+C

1 X+ log x ‘iC
3

(sin‘1 x)4 +C
1
l+e

1) 2
G

~+C

Practice Exercise: 7

1.

&

—{cosx—gcos3 x+lcos5 x}rc
3 5

1. sin’x
Zsin® x—
5

—C0S X+ €0s° x—§cc|ﬂ+lf@7mi©

1 1 Believe in knowledge . .
—Ecos x+8cos x+C

+C

Practice Exercise: 8

1.

tan* x*+C
itan‘lx/ix2 +C

22

tan‘l(x+1)+C

Ur

IN'='enious

Believe in knowledge . .

Practice Exercise: 9

1. sin‘l(x—1)+C

2. iIog x—1+ /xz—é +C
J5 5 5

3. %Iog‘2x+ 1+4x°|+C

4. log 1 +C

2—X+x°—4x+5

5. VX —1—Iog‘x+\/x2—1 +C

+C

X2 ++/x% +a°
7. log tanx+\/tan2x+4‘+C
8. log x+1+\/x2+2x+2‘+c

9. log x—g+\/x2—3x+2

10. log x—aTHJ+ (x—a)(x—b)

+C

+C

Practice Exercise: 10

—Iog‘Zx +6x+5‘

Xl\/_
x1+\/_

2, %Iog‘x —2%— 5‘ Iog

3. Elog‘3x2+2x+Q—£tan‘1(ﬁ

6 32 J2

1 1 x*—3
4, = 4_ -

4Iog|x 9|+12 log 713 +C

1 e +1

5. —Z=I 243 20+—=1

> ogle™ +3e™" + | 09| S|+
6. 3log|2—sinx|+ +C

—sinx

Practice Exercise: 11
1. —\/5—4x—x2+sin‘1(%2j+c

2. 2U2x*+x-3+C

3. asinl(§j+\/a2—x2+c
a
2
4. %azsinl(x—zj+%\/a4—x4+c
a

@ +91- 9971750366, 8447026670 =:ingeniusinfinity@gmail.com € : www.ingeniousinfinity.com

=tan™(2x+3)+C
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Believe in

© +91- 9971750366, 8447026670 E<:ingeniusinfinity

knowledge . .

5. sinix+v1l-x2 +C

Practice Exercise: 12

1. Etanl(zJ[aanJrC
6 3

2. %tanl(Ztan x)+C

itan’l _\/§tan Xlic
J15 J5

4, tan‘l(tan2 x)+C

5. ﬁtan (ftanx)

Practice Exercise: 13

5 5tan(;j—4
1. A2/ |4C

Stan 5
, 1 Og‘f+ftan/‘
\/E ‘\/_ x/_tan/‘
1
> E'gtan(z 12) n'='enio

Practice Exercise: fl{

XSin x+cosx+C
xlogx-x+C

xe* —e* +C
X—+1—x*>sin*x+C

—XCOSX+sinx+C

o g w DN

—5c033x+%sin 3x+C

7. ex(x2—2x+2)+C
2 2

8. X—Iogx—X—+C
2 4
2 2

9. X—IogZx—X—JrC
2 4

3 3

10. Liogx-2X+cC
3 9

X/1— x?
4

11. 1(2x2—1)sin‘1x+ +C
4

12. (sin‘lx)2 X+241-x?sintx—2x+C

glieve in knowfrdgs oo

1
13. xtan*x—-=log(1+x*)+C
log(L+x°)

2 2 2

X 2 X X
14. —(logx) ——Ilogx+—+C
2( J ) 2 J 4
x® x®
15. | ==+ x |logx—=——x+C
3 9
16. 1xz—lsin2x—1c052x+c
9 4 8
17. x(logx)z—z[xlogx—x]+c
18. —1(1+Iogx)+C
X
19. xlog(x2+1)—2x+2tan‘lx+c
20. %secxtanx+%log|secx+tanx|+C

21.

sin™ x+%|og ‘1— x2‘+C

V1-x®
22. %[x/x— 2—(1—2x)sin‘1\/q—x+c

23. log x| log(logx)—1]+C
1-n 1-n

24. log x—

2

1- (1-n)

Ugﬁ. Hoera) e
26. zf(f 1)+C

217.

001 O[X (logx-1)]+C

3
28. —3x2cos®
+C

29. —lcos ecx.cot X + 1 log|tan X
2 2 2

30. xtanx—logsecx—ngC
31. xex[log(xex)—l]+c
32. 3xtan‘1x—glog‘x2+1‘+c

] 1.
33. xsin x+cosx+§sm2 X+C

Practice Exercise: 15

1. e*tan*x+C

2. (X 1je +C
X+1
3. e'sinx+C
4, 1e +C
@gmail. com @ . www.ingeniousinfinity.com

1
X +6x3sin®Vx +6c0s®/x +C

22



6 e—+C
X

7. € >+C
(x-1)

8 ieX+C
X+1

9. e*tanx+C

10. xsin(logx)+C

11, — % 4c
logx+1

12. lezxtanx+C

13. e*sintx+C

14. ex(logx—lj+c
X

15. X 4¢C

log x

Practice Exercise: 16

N'=enio

N

IN'='enious

Believe in knowledge . .

1. Elogx+l+ > +C
4 x+3| 2(x+1)
2. IogX—+1+C
X+ 2

3. x-5log|x-2/+10log|x—3+C

4. —ltan‘lx+gtan‘1§+c
3 3 2

+C

5. 3log(2-sing)+ 2 sing

6. §Iog|x+2|+llog‘x2 +l‘+ltan’lx+c
5 5 5

7. 1ogx—_l—ltan‘lx+C
4 X+1] 2
8. lIog nX +C
n X" +1
9 1o ‘Z—S-IHX+C
1-sinx

2 . . x _{xj
10. x+—tan"| — |-3tan""| = [+C
J3 (ﬁj 2

11. log|sec x+tan x| —2tan (gj +C

13. —% log[L+ tan 6|+ % lﬁdi{ftam?naémtaﬁ@e,.l‘.+ ig tan-t [ZtLe—lj C

1
14. =lo
5 g

15. log|2log x+1|—log|3log x+ 2|+ C

log x
log(x+2)

Practice Exercise: 17

2 f—
1. Lan (X—1)+C

J2 J2x
1 tan® x —1
2. —tan’? +C
V2 [\/EtanxJ
tangd -1
3. 2tan +C
(\/Ztanej
4. —itan’l(cow_lj—ilo cotf+1-~/2cotd
V2 J2coto ) 242 gcot9+1+«/§cot9

2 2
5. Liant[ X1 2 e[ 24
V3 3X V3 V3

+C

N

J3
QUESTION BANK

2 1 3 1
L (5) '—2+[Ej 3
log| = log| —
9(3) g(zj
—cotx—sin2x—2x+C
sin6x_35in2x 3sin* x

+2x+C

log|sin x| — +
g| | 2 4
sin‘l(sin x—cosx)+C

—Iog‘sin X+ COS X ++/Sin 2x‘+C

o M w N

1 sin(x—a)|
6. I
sin(a—b) 95

cos
7. L log

(x-a)
sin(a—b) ~|cos(x—h)
(x-a)
(x=b)

+C

+C

cos(a—h) ~|cos(x—b
9. tan’l(tanzx)+c
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10. \/x2+x+%log(x+3+\/x2+x 11 Vx=x"+= sm (2x-1)+C
2
12. a\/,[(a 1Iog‘1 x/a_x‘ 2— a(l ax) ( @)}C
13. =2 x4 b log|acos x+bsinx|+C 18. (x+a)tan X _Jax+C
' 2 2 2 2 . —_— =
a“+b . a“+b a
14. tanx+§tan3x+C 19. —2J1-x+cos™ x+\/§\/l—x+C
1 5-4(sin x—cos x
15. tan x+gtan3x+1tan5x+c 20. —lo ( . )+C
3 5 40 7|5+4(sin x—cosx)
16. lIog At W 21. XIOg(X)—L-FC
n W1+ x"+1 log x
17. %[xcos‘lx—\/l—%}c
22. —cosmsin‘[coS ) smalog‘smx+\/sm X—sin (x‘+C
cosa
1 A/COS 2X — cosx|
23. /2 log|v/2 cos x++/cos 2x|+ = lo
g‘ ‘ 2 g\/c032x+cosx‘
5 1
2 i(l—%j4+c 36. —glog|cos3x|+Elog|0052x|+Iog|cosx|+C
15 X sec” X
1 1 C
25. 2/x —3x3 +6x° — U-I‘l+x QIOUS Al T
Belidve in ki mfrdqc. 1 —
-2 [sin(x+a) 38. lo 5(5 )+C
26. — “7ic g
sina sin x 1 V4
: 30, —(1+_4] e
1 1)2 1 2 X
217. ——(1+—) |:|Og(1+—j——:|+c
3\ X x*) 3 40. %(2x2—1)sinl x+%\/x—x2+c
28 -2 [3=%) ¢
a X
29. Z|x+C
2
3
30. x—%+C
a1 1 2 prepared by ArUN Kumar
. +
(Iog2)3 Shukla
%
32. Esm{x—;}c
a2
33. 2xtan‘13x—%log‘1+9x2‘+c
34. log|sec x+tan x|+ log|sec x|+ C
35. (X+b)cos(a~b)+sin(a-b)loglsin(x+b)+C
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